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ITERATION-VARIATION PRB%D'LES FGR QSANTUM MECUANZCAL PERTURBATIONS 

-!STRACT 

The Dalgarno-Lewis proced-;re i s   sed f o r  ob ta in ing  e x p l i c i t  solu- 

t i o n s  t o  t h e  pe r tu rba t ion  equaticzla, Three b a s i c  ideas  are exploited: 

1). By us ing  t h e  wave functfcri throagh t h e  f i r s t  o rder  as t h e  ze roe th  

o rde r  wave func t ion  in a new pe r tu rba t ion  c a l c u l a t i o n ,  w e  o b t a i n  an  

i t e r a t i o n  procedure t h a t  converges wi th  s u r p r i s i n g  r a p i d i t y .  After 

n i t e r a t i o n s ,  t h e  energy is give? accu ra t e ly  up t o  terms of t h e  order  

of t h e  2 n+l p o w e r  of a pertnrbatioii  parameter, 2) ,  By varying t h e  

propor t ions  of t h e  zeroe th  a d  f i r s t  order func t ion  i n  t h e  wave func t ion  

through t h e  f i r s t  o rder ,  w e  obraln sauewbaz b e t t e r  ene rg ie s  and s t i l l  

main ta in  t h e  a b i l i t y  t o  i t e r a t e ,  Ax!  3) .  Pot degenerate  and almost- 

degenera te  energy l eve l s ,  tke wave fiizzctfoxs t h r m g h  t h e  f i r s t  o rde r  

and t h e  ene rg ie s  through t h e  third c rde r  are obtained by so lv ing  a 
f i n i t e  ordered secu la r  equat imo  *T.T.; AL..l.s 2 procedure is  mach s i m p l e r  and 

less a p t  t o  f a i l  than t h e  wrra'l t.t,ctn%ques. 
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w i t h  t h e  he lp  of the National Aezuz2axbPcs aild Spsce Admizis t ra t ion  
G r a n t  NsG-275-62 and a t  Che Zriivezsxty of *iorxda with support  
i n  p a r t  by t h e  Nat ional  SzSence Fenridation, 



1 ,  The Dafgarno-Lewls F rxedLrz  10r c?etermhfl=g e x p t i c i t  s o l u t i o n s  

t o  t h e  pe r tu rba t ion  e q u a t i m s  has made z t  feasible t o  apply ger turba-  

t i o n  theory  t o  a wide c l a s s  of molecTrlar problems w f i e r e  complete sets 

of s o l u t i o n s  are not kmwn f o r  the  unpertcrbed system, Pe r tu rba t ion  

t rea tments  have t h e  advantage cver v a r i a t i o n a l  methods that they per- 

m i t  t h e  system i t s e l f  t o  s e l e c t  the proper type  of terms which should 

be included i n  t h e  t r i a l  wave function, 

t r i a l  wave func t ion  through t h e  f i r s t  order,  t h e  energy can be cal- 

cu la t ed  accu ra t e ly  through t h e  t h i r d  order. For many chemical purposes 

t h i s  i s  s u f f i c i e n t  accuracy. 

From a knowledge of t h e  

The prese3t  paper c m t a i n s  t h r e e  basic ideas:  

By s s i n g  t h e  wave f u x t i o n  through t h e  f i r s t  order as t5e zeroe th  1). 
o rde r  t r i a l  func t ion  ir! a 3 e w  p e r t b z b a t i m  tal---- - - l a t i m i  w e  ob tafn  an 

i t e r a t i o n  procedure t h a t  ccnverges with su-sprisirig r a p i d i t y .  Af t e r  

n i t e r a t i o n s ,  t h e  energy is  given zccurateiy up t o  terms of t h e  order  

of t h e  ZRtl pawer of a p e r t x r b a t i s n  parameter, 

2). 

t i o n s  i n  t h e  wave func t ion  through t h e  f i r s t  o rder ,  w e  ob ta in  some- 

what b e t t e r  ene rg ie s  and s t i l l  maintain t%e a b z l i t y  t o  i t e r a t e .  

3) .  For degenerate  o r  almost-degenerate energy levels9 t h e  wave 

func t ions  through t h e  f i r s t  order and the  ene rg ie s  through the t h i r d  

order  are obtained by solving a f i n i t e  ordered s e c u l a r  equation. 

Th i s  procedure is much simpler a d  i s  less apt to f a i l  t h a a  t h e  usua l  

techniques 

By vary ing  t h e  proportions of c:he zerseth an3 f irst  order  fiinc- 

f 
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The paper is divided i n t o  two p a r t s .  

t h e  per turba t ion  of non-degenerate energy l eve l s .  

degenerate  or almost-degenerate problems, 

The f i r s t  i s  concerned wi th  

The second d e a l s  w i th  

PART I ,  PERTURBATION OF NON-DEGENERATE ENERGY UVEL.  

For quantum mechanical systems wi th  a pe r tu rba t ion  p o t e n t i a l  

p ropor t iona l  t o  a parameter a determinat ion of t h e  Rayleigh- 

Schrodinger pe r tu rba t ion  wave func t ion  through t h e  n- th  o rde r  permits  

t h e  determinat ion of t h e  energy accura te ly*  through terms of t h e  order  

of . Much f a s t e r  convergence without  a d d i t i o n a l  e f f o r t  i s  

obtained by a First g r d e r  P e r t u r b a t i o n  iteration Method o r  FOPPM, 

corresponds t o  us ing  t h e  Dalgarno-Le~i~~~procedure f o r  determining t h e  

e x p l i c i t  f i r s t - o r d e r  Rayleigh-Schrodinger pe r tu rba t ion  wave func t ion  

from a zeroeth-order funct ion.  The wave func t ion  through t h e  f i r s t -  

o rder  s a t i s f i e s  a Schrodinger equat ion and can be used as t h e  zeroeth-  

order  func t ion  i n  t h e  c a l c u l a t i o n  of an improved f i r s t - o r d e r  funct ion.  

The pe r tu rba t ion  p o t e n t i a l  f o r  t h i s  new c a l c u l a t i o n  i s  propor t iona l  t o  

3c2n+l 

This  

2 
This  process  can be  i t e r a t e d  and each t i m e  t h e  new pe r tu rba t ion  

p o t e n t i a l  i s  propor t iona l  ( i n  smallness) to t h e  square of t h e  previous 

pe r tu rba t ion  p o t e n t i a l .  Thus, a f t e r  n i t e r a t i o n s ,  t h e  energy i s  

given accura te ly  up t o  terms of t h e  order  of (2)"" 

power. For example, a f t e r  5 i t e r a t i o n s  t h e  energy i s  accura te  up t o  

terms of t h e  o rde r  of 

> r a i s e d  t o  t h e  

d4 
Some add i t iona l  improvement is  obtained by a s m a l l  modi f ica t ion  

which w e  might term FOP-VIM o r  First Order Per turba t ion-Var ia t ion  

- I t e r a t i o n  Method. I n  =-VIM, fol lowing Dalgarna and Stewart  t h e  

per turbed wave func t ion  i s  taken t o  be t h e  v a r i a t i o n a l l y  b e s t  l i n e a r  

combination of t h e  zeroe th  order  and Rayleigh-Schrodinger f i r s t  o rde r  

funct ions.  This per turbed-var ia t iona l  func t ion  is  then taken t o  be t h e  

zeroeth-order wave func t ion  f o r  t h e  c a l c u l a t i o n  of an improved perturbed- 

v a r i a t i o n a l  function. 

over  FOPIM fo r  non-degenerate energy l eve l s ,  w e  show i n  P a r t  I1 t h a t  

-- FOP-VIM i s  very u s e f u l  f o r  degenerate  o r  almost degenerate  energy l e v e l s .  

4 

Whereas =-VIM may have only a modest advantage 



Rayleigh-Schrodfnger Pe r tu rba t ion  Theory for  Nsn-Dezenerate E R ~ + ~ T  Level, 

Corresponding to an unperturbed Hmiltorrian fi I we knm t he  q-th 

energy level E (0) and i t s  normalized eigerfunztioz Lt/ , (O> For 

presec t  purposes, w e  assum t h a t  

w e  consider the degerrn-rate p r o b ~ ~ z z s  The  Fch-cdlzger ngl-a’io-r, f m  the  

unperturbed system is thzz  

q 
eq40) is ::cr-degeresate; i~ part  PI, 

H = h + A Y  029 

The corresponding Schrodinger e q ~ a t i o ?  for t h e  per tcrFed system is  
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t o  keep the  n o t a t i o n  from becoming t o o  clumsy, t h e  subsc r ip t  q w i l l  be 

omitted except where it i s  necessary t o  avoid confusion between d i f f e r -  

ent energy s t a t e s  of t he  system. 

I n  t h e  Rayleigh-Schrodinger pe r tu rba t ion  theory,  and E are 

expanded i n  power series i n  t h e  pe r tu rba t ion  parameter, 

Clear ly ,  

degenerate,  

f (0) (0) = E(O)  and s i n c e  t h e  q- th  energy level i s  non- 

\.v (0) (0) = y(0) . S u b s t i t u t i n g  these  power series i n t o  

Eq. (3) and equat ing t h e  c o e f f i c i e n t s  of each power of t h e  pe r tu rba t ion  

parameter leads t o  t h e  set of pe r tu rba t ion  equations,  

For t h e  f i r s t - o r d e r  pe r tu rba t ion  equat ion wi th  n = 1 , t h e  right-hand- 

s i d e  of  Eq. (5) i s  zero. 

Dalgarno and Lewis2J3 found t h a t  i n  many cases t h e  pe r tu rba t ion  

equat ions  can be solved e x p l i c i t l y .  Thus, de f in ing  a func t ion  F(0) 

such t h a t  

t h e  f i r s t  order  pe r tu rba t ion  equat ion r equ i r e s  t h a t  

S ince  Eqs. (7) and (8) do not  spec i fy  F(0) t o  w i t h i n  an a d d i t i v e  

cons tan t ,  we can r equ i r e  t h a t  V(’)(O) be  orthogonal t o  v(0) o r  
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The nom of 9 (1) (0) is  desigliated as S(0) 

Using the first, second, and third order psr turba t ioz i  equations, 

it is easy t o  shm that 

The expectation value of the energy corresponding to the zereeth order 

wave function i s  

L e t  us define \c/ (1) 

order, 

as the normalized wave function through the first 

The expectation value of the energy through the first order i s  
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O r ,  rearranging t h e  terms, 

Comparing Eq. (17)  wi th  Eq. ( 4 ) ,  i t  i s  apparent t h a t  E(1)  is  accura te  

up t o  terms of t h e  order  of i t4 . 
known and has been discussed i n  the  l i t e r a t u r e  . 
ment is novel. 

Everything up t o  t h i s  po in t  is wel l -  
1 The following t r e a t -  

FOPIM. 

The wave funct ion w(1) s a t i s f i e s  t he  Schrodinger equation 

where 

h(1) = h + 

The Hamiltonian f o r  t h e  

H = h(1) + 

where 

perturbed system is  then 

Now w e  consider t he  new pe r tu rba t ion  problem i n  which 

as t h e  zeroeth-order wave func t ion  and 

p o t e n t i a l .  Note t h a t  

(1) serves  

h2 V(1) i s  t h e  pe r tu rba t ion  

plays t h e  same r o l e  i n  the  new problem as 2 

3\ plays  i n  t h e  o r i g i n a l  problem. 

func t ion  i s  

The new f i r s t - o r d e r  perturbed wave 
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where t h e  funct ion F ( l )  i s  d e t s m i r e d  by 

The s p e c i f i c a t i o n  of t h e  F(l) is completed by the requirement t h a t  

The norm of ( 1) (1) is  designated a s  S(1) , 

Using t h e  f i r s t ,  second, and t h i r d  order  

new pe r tu rba t ion  problem? 

per turba t ion  equat ions f o r  t h e  

W e  can now de f ine  t h e  second i t e r a t e d  normalized wave func t ion  

The expectat ion value of t he  energy correspozding t o  \y (2) i s  
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Comparing Eq. (31) with the  Rayleigh-Schrodinger Per turba t ion  expansion, 

Eq. ( 4 ) ,  it is apparent t h a t  E(2) i s  accura te  up t o  terms of t h e  order  

of 2. 
The funct ion .(2) can now be used as t h e  zeroeth order  wave 

func t ion  i n  a new pe r tu rba t ion  ca lcu la t ion .  Indeed, a f t e r  (rrt-1) 

i t e r a t i o n s  we have t h e  normalized wave func t ion  

Here, because of p r i n t i n g  d i f f i c u l t i e s ,  w e  u s e  t h e  no ta t ion  

The S(n) i s  t h e  norm of V ( l ) ( n )  

a = 2n 

The func t ion  F(n) s a t i s f i e s  t he  inhomogenous p a r t i a l  d i f f e r e n t i a l  

e quat i on 

toge ther  with t h e  requirement t h a t  

From t h e  f i r s t ,  second, and t h i r d  order  pe r tu rba t ion  equat ions f o r  t h i s  

pe r tu rba t ion  problem it follows t h a t  
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The expectation value of the energy corresponding to (dl) is 

Comparison of Eq. (39) with the Rayleigh-Schrodinger expansion, Eq. (4) 
shows that E(ni-1) is accurate up t o  terms of the order of 2 4a ., 

The function (n+l) satisfies the Schrodinger equation 

h(*l) y (el) = WnS.1) (40)  

where 

The Hamiltonian for the perturbed system is then 

H = h(n-l-1) + a2a V(rrf-1) 

where 

The iteration scheme can then be continued through the next step. 
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FOP -VIM. -- 
Following Dalgarno and Stewart4, w e  can consider  i n  p lace  of q(1) 

t h e  normalized func t ion  

Here N ( 0 )  i s  a parameter which is  chosen s o  as t o  make 

where 

E'(1) = ( 7 ( ( i )  ff p(')) (46) 

For t h i s  optimum value  of o ( ( 0 )  , t he  energy E v ( l )  i s  a s o l u t i o n  t o  

t h e  secu la r  equation 

There are two r o o t s  t o  t h i s  s ecu la r  equation. However, only one of 

t hese  r o o t s  corresponds t o  E'J1) approaching e(0) as 3 approaches 

zero. Only t h i s  roo t  can have physical  s ign i f i cance  f o r  our problem, 

Expanding E'(1) and E(1) i n  powers of we f ind  t h a t  
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For t h e  ground state, it i s  w e l l  kmwn' t h a t  Er,2'(0) is n e c e s s a r i l y  

negative.  Thus, f o r  t h e  gzouztd state,  ",'(I] = E(1) is negative. For 

o t h e r  states, the s i g n  of E'(1) = E(:) is =st km-m a - p r i o i i ,  

The optimum va lue  of d ( 0 )  is 

Expanding i n  powers of 'A 

The normalized func t ion  x(  1) s a t i s f i e s  t h e  Schrodinger equa- 

t i o n  

where 

The Hamiltonian f o r  t h e  perturbed system is then 

H = h'(l) + k2 V'(1) 

where 

C55) 

From Eq. (51) i t  follows t h a t  X-'(l- o ( ( 0 ) )  is zeroe th  order  i n  a x(l) can be  Clear ly ,  i n  much t h e  same manner as i n  FOPB, the  

used as t h e  ze roe th  order  wave f ~ ~ c t i o r r  to genera te  a new f i r s t  o rde r  

func t ion  
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Here S'(1) is 

The func t ion  F'(1) s a t i s f i e s  t h e  eqdafisn 

toge ther  wi th  t h e  condi t ion  

The parameter a( (I) is  ad jus ted  so as to make 2 E 3 ( 2 9 f  a4(l)  = 0 

where 

This  procedure may b e  i t e r a t e d  as often as des i r ed  QB: required.  

The energy E'(2) may b e  somewhat improved without  much a d d i t i o n a l  

work. I n  place of T(2) w e  can define the  f u n ~ t i o n  

0 

The cons tan ts  g and Po are adjus ted  so as to 'optimize. t h e  energy 

The %est" value of t h e  energy is t h a t  root of t h e  t h r e e  dimensionaE 

s e c u l a r  equation which reduces t o  e (0) i n  t h e  limit as A approaches 

zero.  Th i s  v a r i a t i o n  of t h e  FQP-VIM casi also be i t e r a t e d .  -- 



Nsn-degerrerate ? e r f u r b % t l o 9  z?:s.zy ? ~ c z r z s  f - z ~ ~ Z i . r a E 2 e  vhez t w o  

energy l eve l s  iie chose together a d  d r r t ~ z s e ~  sezmgBy Yzder the 

inf luence of t he  ger tcr5at ion.  

of some 

let us form t h e  t r i a l  wave func t ion  

X2 osder tzg ex-anhz t he  explicit e f f e c t  

"o"-eth quactlm state, on the  q-th atace m d e r  ccxsfderation, 

The constant C can be adjus ted  85; as co optimize t5:e energy 

Izl this, and tho  fofl~wing paragrqb, ic, is cmiie3ient t o  use the nota- 
t ion: ( ~ 1 , ~  = ~ J O ) ,  x P4(o)) . r in fsrmi2g ttre matrix components 

a. .I 

f o r  the t w o  dimensional secular  equaticm, the ~ d y  special point t o  be 
noted is t h a t  

The constant C corresponding t o   he phpslsaPly s ignf i sck  root of 

t h e  secular  equatfsrr is 

Expanding t h e  energy in powers of a , 
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"k 'k 9 

The corresponding Schrodicger equation f o r  t he  p e r t ~ r f  ed system 2s 

W e  fix our a t t en t f an  on thoze s s t a t e s  q, whose eqergies E 
J J 

approach the values of e SE Z?:e limit a s  2 ap-,raackes zero. L e t  

us define a set of functiozs Ck mck t h r  if giC were a zeroezh 

order wave function, then 

functioc.  The Rsyle ig%-Schrod3ger  ffrst crder p e r t c z 5 a t i m  eqr?-atim 

k 

6k@k would be zi p c l s . e ~ b h  first order 

which determines Gk i s  



(73) 

lent to Eq. (7.31, we can write 

or, if 6k is real, 

The f irst  approximation to q j  c a ~  thea  b e  w r i t t e x ?  i n  t h e  € o m  
- 

and optimize the energy 

The optimum values of E: , ( l )  %re given as s of Eke r o o t s  of the 2s 

dimensional s t ~ t a l a ~  eqetatisn 
d 

16 
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